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1 Preliminary Results and Notations
A Matrix-Sequence {An}n is an ordered collection of complex matrices such that An ∈ Cn×n. We will denote
by E the space of all matrix-sequences,
E := {{An}n : An ∈ Cn×n}.
It is often observed in practice that matrix-sequences {An}n arising from the numerical discretization of
linear differential equations possess a Spectral Symbol (see [5] and references therein), that is, a measurable
function describing the asymptotic distribution of the eigenvalues of An in the Weyl sense [3, 5, 9]. We recall
that a spectral symbol associated with a sequence {An}n is a measurable function f : D ⊆ Rq → C, q ≥ 1,
satisfying
lim
n→∞
1
n
n∑
i=1
F (λi(An)) =
1
l(D)
∫
D
F (f(x))dx
for every continuous function F : C → C with compact support, where D is a measurable set with finite
Lebesgue measure l(D) > 0 and λi(An) are the eigenvalues of An. In this case we write
{An}n ∼λ f.
Another important and linked concept is the notion of Spectral Measure. Given a matrix sequence {An}n
and a measure µ on C, we say that µ is the spectral measure associated to {An}n if
lim
n→∞
1
n
n∑
i=1
F (λi(An)) =
∫
C
F (x)dµ ∀F ∈ Cc(C)
and in this case, we can write {An}n ∼λ µ. In [1] we showed that the space of sequences that admit a spectral
symbol coincide with the space of sequences admitting a spectral measure that is also a probability measure.
In particular, since (C, µ) is a Standard Probability Space, the following lemma can be proved.
Lemma 1. Given any probability measure µ on C, there exists a measurable function k : [0, 1]→ C such that∫ 1
0
F (k(x))dx =
∫
C
F (x)dµ
for every F ∈ Cc(C). In particular, the essential range of k is contained in the support of the measure µ, and
if µ is supported on R then k(x) can be chosen monotone increasing.
We want to give some result of existence for the spectral symbols, given particular hypothesis on the eigen-
values of An. Here we report two theorems that give necessary and sufficient conditions on the existence of a
measure given its moments (also known as moments problem).
Theorem 1 (Hausdorff). [8] Given a sequence of real numbers {mn}n, let
(∆m)n := mn+1 −mn.
We say that the sequence {mn}n is a Completely Monotonic Sequence if
(−1)k(∆km)n ≥ 0 ∀n, k ∈ N.
{mn}n is a completely monotonic sequence if and only if there exists a measure µ over [0, 1] satisfying
mn =
∫ 1
0
xndµ ∀n ∈ N.
In this case the determined measure is unique.
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In order to state the second theorem, we have to recall that a Laurent polynomial is an object in C[z, z−1],
that is also denoted as C[Z]. This space is a unit ∗-algebra with
q(z) =
M∑
i=−M
aiz
i ∈ C[Z] =⇒ q∗(z) =
M∑
i=−M
aiz
−i ∈ C[Z].
Given a sequence of complex numbers s = (si)i∈N and its prolongation to Z by s−i := si, we can define the
linear operator
q(z) =
M∑
i=−M
aiz
i =⇒ Ls(q) =
M∑
i=−M
aisi.
Theorem 2 (Carathéodory–Toeplitz). [7] Given a complex sequence (si)i∈N, the following are equivalent:
1. There exists a Radon measure on T such that
sk =
∫
T
zkdµ(z) ∀k ∈ N.
2. Ls(q
∗q) ≥ 0 for all q ∈ C[Z].
3. The infinite Toeplitz matrix H(s) = (sj−i)∞i,j=0 is positive semidefinite.
Eventually, we have to recall a pair of classical approximation results that let us approximate continuous
functions over compact sets with polynomials or trigonometric polynomials.
Theorem 3 (Stone-Weierstrass).
1. Suppose f is a continuous real-valued function defined on the real interval [a, b]. For every ε > 0, there
exists a polynomial p such that ‖f − p‖∞ ≤ ε.
2. Suppose f is a continuous complex-valued function defined on the unitary circle T. For every ε > 0, there
exists a Laurent polynomial q such that ‖f − q‖∞ ≤ ε.
Theorem 4. If f is an absolutely continuous real-valued function and 2pi-periodic, then the Fourier series of f
converges uniformly.
2 Polynomial Limits
From now on, we will work with double indexed sequences {xi,n}i,n of real or complex values, where i, n ∈ N,
0 < i < n. Usually, we will deal with convergent sequences
lim
n→∞
1
n
n∑
i=1
Fk(xi,n) ∈ C, ∀k ∈ N
for specific class of functions Fk and we want to know if this is enough to conclude that the limit is described
asymptotically by a measure, that is
lim
n→∞
1
n
n∑
i=1
F (xi,n) =
∫
C
F (x)dµ
for every F ∈ Cc(C). In particular, we want to know if it holds when F (x) is locally a polynomial, so that we
can use both Weierstrass and Hausdorff theorems.
Lemma 2. Let {xi,n}i,n be a sequence of real numbers with 1 ≤ i ≤ n and
• |xi,n| ≤M for every i, n,
• hk = limn→∞ 1n
∑n
i=1 x
k
i,n ∈ R ∀k ∈ N.
Then there exists a function k : [0, 1]→ [−M,M ] such that
lim
n→∞
1
n
n∑
i=1
F (xi,n) =
∫ 1
0
F (k(x))dx
for every F ∈ C[−M,M ].
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Proof. Let yi,n be a sequence of real numbers belonging to the interval [0, 1] such that
yi,n =
xi,n +M
2M
.
A simple computation shows us that
1
n
n∑
i=1
yki,n =
1
(2M)k
k∑
j=0
(
k
j
)
Mk−j
1
n
n∑
i=1
xji,n
n→∞−−−−→ 1
(2M)k
k∑
j=0
(
k
j
)
Mk−jhj =: lk ∈ R.
Moreover, {lk}k is a completely monotonic sequence, since 0 ≤ yi,n ≤ 1 for all i, n, and
(−1)s(∆sl)k = lim
n→∞
1
n
n∑
i=1
yki,n(1− yi,n)s ≥ 0 ∀s, k ∈ N.
Owing to Hausdorff Theorem, there exists a measure µ on [0, 1] such that
lim
n→∞
1
n
n∑
i=1
yki,n = lk =
∫ 1
0
ykdµ, ∀k ∈ N.
Every G ∈ C[0, 1] can be approximated uniformly by polynomials thanks to Theorem 3, so we conclude that
lim
n→∞
1
n
n∑
i=1
G(yi,n) =
∫ 1
0
G(y)dµ
holds for every G ∈ Cc(C). Given now F ∈ C[−M,M ], let G(y) := F (2My−M), that is a continuous function
on [0, 1].
lim
n→∞
1
n
n∑
i=1
F (xi,n) = lim
n→∞
1
n
n∑
i=1
G(yi,n) =
∫ 1
0
G(y)dµ(y) =
∫ M
−M
F (x)dµ
(
x+M
2M
)
,
The measure µ has finite mass l0 = 1, so it is a probability measure on [0, 1], and consequently µ
(
x+M
2M
)
is a
probability measure on [−M,M ]. By Lemma 1 there exists a monotonic increasing and nonnegative function
k : [0, 1]→ [−M,M ] such that
lim
n→∞
1
n
n∑
i=1
F (xi,n) =
∫ M
−M
F (x)dµ
(
x+M
2M
)
=
∫ 1
0
F (k(x))dx.
A corollary of Lemma 2 allows us to find conditions on the matrix sequences for the existence of a spectral
symbol. Similar questions have already been answered in [10] and [4], where the authors explored minimal
conditions for a given function k to be the spectral symbol of a given matrix sequence, using the test functions
xk for the ergodic formula defining the spectral symbol. The corollary makes use of the same test functions to
derive the existence of a spectral symbol for sequences of Hermitian matrices with bounded norm.
Corollary 1. Given a sequence {An}n of Hermitian matrices with ‖An‖ uniformly bounded by M , the sequence
{An}n admits a spectral symbol if and only if
lim
n→∞
1
n
Tr(Akn) ∈ R ∀k ∈ N.
Proof. Given xi,n the eigenvalues of An, notice that |xi,n| ≤M and 1nTr(Akn) = 1n
∑n
i=1 x
k
i,n. Owing to Lemma
2, the eigenvalues if the sequence {An}n respects
lim
n→∞
1
n
Tr(Akn) ∈ R ∀k ∈ N,
then there exists a function h : [0, 1]→ R such that
lim
n→∞
1
n
n∑
i=1
F (xi,n) =
∫ 1
0
F (h(x))dx
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for every F ∈ Cc(C), that coincides with the definition of spectral symbol for {An}n.
Vice versa, if we suppose that {An}n admits a spectral symbol k, then
lim
n→∞
1
n
n∑
i=1
xhi,n =
1
|D|
∫
D
k(x)hdx ∈ R, ∀h ∈ N.
Let us now consider λi,n eigenvalues of An on a complex circle, meaning that they have all the same norm.
There’s a simple way to prove that if the averages of λki,n converge, then {An}n admit a spectral measure that
is also absolutely continuous with respect to the Lebesgue measure, but only if we assume a decay assumption.
Lemma 3. For all n ∈ N consider a set of complex numbers {λi,n}i=1:n with polar representations λi,n = ceixi,n
such that xi,n ∈ [−pi, pi] and c ∈ R+ does not depend on i, n. Suppose moreover that
sk := lim
n→∞
1
n
n∑
i=1
λki,n, ∀k ∈ Z
and define the function
M(x) :=
∞∑
k=−∞
sk
ck
e−ikx.
If
∑∞
k=−∞
|sk|
ck
<∞, then for every function F ∈ C[−pi, pi] the following ergodic relation holds:
lim
n→∞
1
n
n∑
i=1
F (xi,n) =
1
2pi
∫ pi
−pi
F (x)M(x)dx.
Proof. First, we notice that M(x) is well defined and continuous, since the series
∞∑
k=−∞
sk
ck
eikx
converges uniformly. The trigonometric polynomials are dense in the space of periodic continuous functions on
[−pi, pi], so we first test the ergodic relation on functions of the type eikx.
1
n
n∑
i=1
exp(ikxi,n) =
1
ckn
n∑
i=1
λki,n
n→∞−−−−→ sk
ck
1
2pi
∫ pi
−pi
exp(ikx)M(x)dx =
1
2pi
∫ pi
−pi
sk
ck
dx =
sk
ck
.
The ergodic relation thus holds for every F ∈ Cper [−pi, pi] Let now G be any continuous function on [pi, pi] and
F a continuous periodic function on the same domain that coincides with G on [−pi + ε, pi − ε] and such that
‖F‖∞ ≤ ‖G‖∞.∣∣∣∣∣ 1n
n∑
i=1
G(xi,n)− 1
2pi
∫ pi
−pi
G(x)M(x)dx
∣∣∣∣∣ ≤
∣∣∣∣∣ 1n
n∑
i=1
G(xi,n)− 1
n
n∑
i=1
F (xi,n)
∣∣∣∣∣
+
∣∣∣∣∣ 1n
n∑
i=1
F (xi,n)− 1
2pi
∫ pi
−pi
F (x)M(x)dx
∣∣∣∣∣ +
∣∣∣∣ 12pi
∫ pi
−pi
(F (x) −G(x))M(x)dx
∣∣∣∣
≤ 2‖G‖∞# { i | ||xi,n| − pi| ≤ ε }
n
+ on(1) + 2‖G‖∞‖M‖∞ ε
pi
All that is left to show is that the first term is proportional to ε. Let H be a periodic continuous nonnegative
function on [−pi, pi] such that H = 1 on [−pi,−pi + ε] ∪ [pi − ε, pi], H = 0 on [−pi + 2ε, pi − 2ε], and ‖H‖∞ = 1.
we know that
lim sup
n→∞
# { i | ||xi,n| − pi| ≤ ε }
n
≤ lim
n→∞
1
n
n∑
i=1
H(xi,n) =
1
2pi
∫ pi
−pi
H(x)M(x)dx ≤ ‖M‖∞ 2ε
pi
.
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The last relation shows that definitively on n,∣∣∣∣∣ 1n
n∑
i=1
G(xi,n)− 1
2pi
∫ pi
−pi
G(x)M(x)dx
∣∣∣∣∣ ≤ 2‖G‖∞
(
‖M‖∞ 2ε
pi
+ ε
)
+ on(1) + 2‖G‖∞‖M‖∞ ε
pi
holds for every ε, leading to the wanted conclusion.
In the case when
∑∞
k=−∞
|sk|
ck =∞, there may not be an absolutely continuous spectral measure, but {An}n
possesses a probability spectral measure anyway, and thus a spectral symbol.
Lemma 4. Suppose {An}n is a sequence of matrices An ∈ Cn×n with eigenvalues {λi,n}i=1:n. Suppose that
• |λi,n| = c is independent from i, n,
• sk = limn→∞ 1n
∑n
i=1 λ
k
i,n ∈ C ∀k ∈ Z.
In this case, {An}n admits a spectral symbol.
Proof. Let ωi,n := λi,n/c be complex numbers of unitary norm. If dk := sk/ck, then
dk = lim
n→∞
1
n
n∑
i=1
ωki,n ∈ C, ∀k ∈ Z
and moreover d−k = dk. Let µn be the atomic probability measure on T induced by ωi,n and call rk,n its
moments
µn :=
1
n
n∑
i=1
δωi,n , rk,n =
∫
T
xkdµn =
1
n
n∑
i=1
ωki,n.
The sequence rn := (rk,n)k represents the moments of a measure on the unit circle, so we can apply theorem 2
and obtain that for every q ∈ C[Z], the quantity Lrn(q∗q) is nonnegative. We know that rk,n converges to dk if
n goes to infinity, so we can prove that also Lrn converges punctually to Ld.
q∗q =
M∑
i=−M
aiz
i =⇒ Lrn(q∗q) =
M∑
i=−M
airi,n
n→∞−−−−→
M∑
i=−M
aidi = Ld(q
∗q).
Since Lrn(q
∗q) is nonnegative, also Ld(q∗q) will not be negative, and applying Theorem 2 again, we obtain that
(dk)k represents the moments of a measure µ on T, that is also a probability measure since d0 = 1.
lim
n→∞
1
n
n∑
i=1
ωki,n = dk =
∫
T
zkdµ(z), ∀k ∈ Z
Stone-Weierstrass Theorem 3 let us approximate any continuous function on T with a Laurent polynomial, so
lim
n→∞
1
n
n∑
i=1
G(ωi,n) =
∫
T
G(z)dµ(z)
holds for every G ∈ Cc(C). Going back to the eigenvalues λi,n, suppose that F is a continuous function defined
on cT, and G(x) := F (cx).
lim
n→∞
1
n
n∑
i=1
F (λi,n) = lim
n→∞
1
n
n∑
i=1
G(ωi,n) =
∫
T
G(z)dµ(z) =
∫
T
F (cz)dµ(z) =
∫
cT
F (z)dµ
(z
c
)
The last relation let us conclude that {An}n admits a spectral measure, and consequently admits also a spectral
symbol.
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3 Curves and Weil Systems
Given a curve X of genus g on a finite field Fq, we can define its Zeta function as
Z(t) =
P (t)
(1− t)(1− qt)
where P (t) is a polynomial with the following properties (Weil Conjecture):
• P (t) ∈ Z[t],
• P (t) =∏2gi=1(1− λit) where |λi| = √q and if λi ∈ R it has even multiplicity,
• There exists natural numbers Bm such that
P (t) = (1− t)(1− qt)
∞∏
m=1
(1− tm)−Bm ,
• There exist natural numbers Nm such that
P (t) = (1− t)(1 − qt) exp
(
n∑
i=1
Nn
tn
n
)
,
• P (t) is the characteristic polynomial of the Frobenius endomorphism induced to the Tate module (or the
first Étale cohomology group) of the curve.
Given this properties one can prove relations between λi, Nm and Bm. Namely
Nm = q
m + 1−
2g∑
i=1
λmi =
∑
d|m
dBd, mBm =
∑
d|m
µ
(m
d
)(
qd + 1−
2g∑
i=1
λdi
)
=
∑
d|m
µ
(m
d
)
Nd.
An asymptotically exact family of Weil systems is a sequence of curves {Xn}n, where Xn has genus n, and such
that
βm = lim
n→∞
Bm(Xn)
n
∈ R
exists for every m ∈ N. Thanks to the relations above, we can see that this condition is equivalent to require
that
νm = lim
n→∞
∑2n
i=1 λ
m
i,n
n
∈ R
for every m ∈ N, where λi,n are the roots of the polynomials Pn(t) associated to Xn.
Here we have all the hypothesis to apply Lemma 4, with the exception for An ∈ Cn×n. In fact, λi,n are
eigenvalues of the Frobenius endomorphisms, that has elements in the p-adic field Qp. We can notice, though,
that the result does not depend on the matrices An themselves, but only on their eigenvalues, and we can
conclude nonetheless that there exists a limit measure
µ = lim
n→∞
µn = lim
n→∞
1
n
n∑
i=1
δλi,n .
In the case of asymptotically exact families, it is possible to give an estimate of νk, that follows from the proved
bound on βm ∞∑
m=1
mβm
qm/2 + 1
≤ 1.
In fact, using
−νm = − lim
n→∞
∑2g
i=1 λ
m
i,n
n
= lim
n→∞
Nm(Xn)
n
= lim
n→∞
∑
d|m
dBd(Xn)
n
=
∑
d|m
dβd ≥ 0
it is easy to prove that
0 ≤ −
∞∑
m=1
νmq
−m/2 =
∞∑
m=1
mβm
qm/2 − 1 ≤ 1.
Owing to Lemma 3, we can conclude that the spectral measure µ has also a density M(x) with respect to the
Lebesgue measure. These results were already proven in [11] and [12].
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3.1 Food for Thought
One can notice that we used only particular cases of the results we proved in Section 2, so one can ask if a
generalization of ideas could lead to something more.
For example, consider λi,n complex numbers of the same norm c, with 1 ≤ i ≤ 2n. It’s fairly easy to see
that, in analogy with the curves theory, the following assertions hold.
• We can define Nm, Bm with
Nm := a
m + 1−
2n∑
i=1
λmi,n, mBm =
∑
d|m
µ
(m
d
)
Nd
where a ∈ N.
• If Pn(x) =
∏2n
i=1(1 − λi,nx), then
Pn(x) = (1 − ax)(1− x) exp
( ∞∑
k=1
Nk
xk
k
)
= (1− ax)(1 − x)
∞∏
k=1
(1− xm)−Bm
If we require also that the averages of the powers of λi,n converge, then we can apply Lemma 4 and conclude
that there exists an asymptotic measure for λi,n.
In general Nm, Bm will be complex numbers, so it does not seem an interesting generalization. We thus
consider an ulterior hypothesis that brings the setting closer to Weil systems. If we suppose that Pn(x) ∈ Z[x],
then we can prove that Nm are integer numbers using properties of symmetric functions, and therefore Bm are
rational numbers. The set of asymptotic measures that describe the polynomials Pn(x) strictly contains the
measures describing asymptotically exact family of Weil systems, and in particular, it includes some atomic
measures.
It may thus be interesting to study the exact Weil system through their asymptotic measures by looking at
it from a more general context, or considering the spectral symbols associated to the measures.
Eventually, we report an example of λi,n for which Nm, Bm are integers, but the asymptotic measure is yet
atomic.
Example 1. Let λi,n =
√
k(−1)i, where k is a natural number different from 0, and let a be an integer number. In
this case, it is easy to see that the asymptotic measure µ on the circle with ray
√
k is atomic µ = (δ√k+δ−√k)/2.
The polynomial Pn(x) has integer coefficients, since
Pn(x) =
n∏
i=1
(1−
√
kx)(1 +
√
kx) = (1 − kx2)n
and thus Nm are integers
Nm =
{
am + 1 m odd,
am + 1− 2nkm/2 m even.
Exploiting the properties of Moebius function, we can also prove that Bm is integer, in fact∑
d|m
µ
(m
d
)
Nd ≡ 0 (mod m) ∀m ∈ N.
As one can see from the relations above, Nm is negative when m is even and n is large enough. In fact, νn are
all non-negative integers and
−
∞∑
m=1
νmc
−m =
∞∑
m=1
mβm
cm − 1 = −∞.
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